BACKLUND TRANSFORMATIONS, WARD SOLITONS,
AND UNITONS

BO DAI* AND CHUU-LIAN TERNG'

ABSTRACT. The Ward equation, also called the modified 2 + 1 chiral
model, is obtained by a dimension reduction and a gauge fixing from the
self-dual Yang-Mills field equation on R%*?2. It has a Lax pair and is an
integrable system. Ward constructed solitons whose extended solutions
have distinct simple poles. He also used a limiting method to construct
2-solitons whose extended solutions have a double pole. Ioannidou and
Zakrzewski, and Anand constructed more soliton solutions whose ex-
tended solutions have a double or triple pole. Some of the main results
of this paper are: (i) We construct algebraic Bicklund transformations
(BTs) that generate new solutions of the Ward equation from a given
one by an algebraic method. (ii) We use an order k limiting method
and algebraic BTs to construct explicit Ward solitons, whose extended
solutions have arbitrary poles and multiplicities. (iii) We prove that our
construction gives all solitons of the Ward equation explicitly and the
entries of Ward solitons must be rational functions in z,y and ¢. (iv)
Since stationary Ward solitons are unitons, our method also gives an
explicit construction of all k-unitons from finitely many rational maps
from C to C".

CONTENTS

Introduction

1-unitons and 1-soliton Ward maps
Algebraic Bécklund transformations (BT)
Minimal factorization

Ward solitons with pole data (z, k)

Ward solitons with general pole data
Analytic BT and Holomorphic vector bundles
Construction of all Ward solitons

An explicit construction of unitons

10. Wave profiles of multi-solitons
References

© 0N O W

*Research supported in part by the AMS Fan Fund.
fResearch supported in part by NSF Grant DMS-0306446.
1

co O N

10
13
19
23
26
33
39
50



2 BO DAI* AND CHUU-LIAN TERNGT

1. INTRODUCTION

The 2 + 1 chiral model is the Euler-Lagrange equation of the functional
£(J) = / TP+ ([T TP = TR dae dy dt,
R3

where ||¢]|? = —tr(£?), x, vy, t are the standard space-time variables, and J is
a map from the Lorentz space R?! to the Lie group SU(n). In other words,
J is a solution of

(T I — (T ) — (J71T,), = 0. (1.1)

The Ward equation (or the modified 2 + 1 chiral model) is the following
equation for J : R%! — SU(n):

(T ) — (T e — (TN Ty — [T, T, = 0. (1.2)

This equation is obtained from a dimension reduction and a gauge fixing of
the self-dual Yang-Mills equation on R??2 (cf. [12]). We call a solution of
the Ward equation a Ward map.

A Ward map that is independent of ¢ is a harmonic map from R? to SU (n).
If the harmonic map has finite energy, then it extends to a harmonic map
from S? to SU(n). Such harmonic maps were called unitons, and were
studied by Uhlenbeck in [10], Wood in [15], Burstall-Guest in [4] and others.

The Ward equation has a Laz pair, i.e., it can be written as the com-
patibility condition for a system of linear equations involving a spectral
parameter A € C. We explain this next. Let

u=g(t+y), v=gt—y) (1.3)

Given smooth maps A, B : R*! — su(n), consider the following linear sys-
tem for ¢ : R*! x C — GL(n,C):

()‘ax - 3u)¢ = Alb,
{ (A0 — D, )1 = B, (1.4)

System (1.4) is overdetermined. Its compatibility condition is
A0y — Oy — A, XDy, — 0, — B] = 0.

Equate the coefficient of M in the above equation to get

Ba: = Avu
{ Au — By — [A,B] = 0. (1.5)

Suppose 1 : R%! x Q — GL(n,C) is a smooth solution of (1.4) and satisfies
the U(n)-reality condition in A:

(@, u, v, N Y(z,u,v,A) =1, (1.6)
(i.e., ¥* = ¥T), where  is an open subset of 0 in C. Let
J(z,u,v) = ¥(z,u,v,0) L.
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Then
A=J"YJ,, B=J1J,.
Thus the compatibility condition (1.5) implies that
Ou(J71T) = 0. (J71T,). (1.7)

Change back to the standard variables (x,y,t) to see that J is a solution to
the Ward equation.

A solution 1 to the linear system (1.4) that satisfies the U(n)-reality
condition is called an extended solution of the Ward equation or extended
Ward map, and J = (---,0)~! is the corresponding Ward map. The
reality condition for ¢ implies that J is unitary. In other words, if we find a
(2, y,t, \) so that 1 satisfies the U (n)-reality condition and (A, — 1), )1
and (A, — ;)" are independent of )\, then J(x,y,t) = ¢(x,y,t,0)" ! is
a Ward map.

The Ward equation has an infinite number of conservation laws [7]. In
particular, the energy functional

1 —_ —_ —
B =5 [ W T 1 e,

is a conserved quantity. To ensure finite energy, Ward imposed the following
boundary condition

J=Jo+ (@) '+ 0(r?) asr— oo, (1.8)
where x + iy = e, Jy is a constant matrix, and J; is independent of ¢.
A Ward map J is called a Ward soliton if J
(1) has finite energy on R?, or equivalently satisfies the boundary con-
dition (1.8),
(2) has an extended solution v such that ¥ (x,y, ¢, A) is rational in A and

lim ¢(z,y,t,\) =1
[Al—o0
for all (x,y,t).

If ¢ is an extended solution of the Ward equation with poles at A =
21, ...,z of multiplicities ny, ..., n, respectively, then (z1, ..., z;,n1,...,n;)
is called the pole data of ¢ and Z;Zl n; is called the degree of . A Ward
soliton J is called a k-soliton if k is the minimum of

{deg(v) | ¥ is an extended solution of J}.

Let z € C\ R, 7 a Hermitian projection of C", and

zZ—z
k.

1
A— 277 =1+ A—2z
A direct computation shows that g, . satisfies the U(n)-reality condition
(1.6). Such g, . is called a simple element.
Let z € C\ R be a fixed constant, M%X i the space of rank k complex

n x k matrices, and V = (v;;) : C — M?_, a meromorphic map. Let 7

gz,fr()‘) =T+
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denote the map from R%*! to the space of rank k& Hermitian projections of
C™ such that Im(7(x,y,t)) is the complex linear subspace of C" spanned by
columns of

V(z+ zu + 27 ),
and 7+ =1 — 7. Ward (cf. [12]) noted that

z—Z
gZJr(xvyyt) = I+ )\ _ ZT(-J_('%.7 y? t)? (1'9)

is an extended solution, i.e., a solution of (1.4) with
A= (zZ—2z)my, B=(Z—2)m,.

The associated Ward map is
_ z
JZ,V(xa Y, t) = gZ,V(xa Y, t, 0) l= 7T(£7 Y, t) + %ﬂ-l(xa Y, t)

Ward proved that J, y satisfies the boundary condition (1.8) if and only if
each v;; is a rational function (cf. [12]). Hence J,y is a Ward 1-soliton if
each entry of V is a rational function. Note J; 1 is a stationary Ward map,
i.e., a harmonic map from C to U(n).

There are several methods for constructing exact Ward multi-solitons:
Ward used the method of Riemann-Hilbert problem with zeros in [12] to
construct k-soliton solutions whose extended solutions have k simple poles.
Such solutions have trivial scattering in the sense that the k one-solitons
preserve their travelling directions and shapes after the interaction. Taking
the limit of an extended 2-soliton with poles at i + € and i — € as ¢ — 0,
Ward and Ioannidou found extended 2-solitons with a double pole at A =14
(cf. [14, 6, 8]). Ioannidou also constructed some extended 3-solitons with
a triple pole at A = 7. These limiting solutions have non-trivial scattering,
i.e., the travelling directions of interacting localized lumps change after the
interaction. For example, Ioannidou give examples of extended 2-solitons
with a double pole at A = i and with scattering angle 7/k. Anand con-
structed more solitons with non-trivial scattering in [1, 2]. IToannidou and
Zakrzewski generalized Uhlenbeck’s method of adding unitons for harmonic
map equation to Ward equation in [8] by writing down an analytic Backlund
transformation. Vilarroel, Fokas and loannidou studied the inverse scatter-
ing of the Ward equation in [11, 5]. Zhou gave Darboux transformations in
[16].

The standard analytic Backlund transformations (BT) goes as follows:
Given an extended solution v of (1.4), if we want to find a projection map 7
so that ¥1 = g, 71 is again an extended solution, then the condition that
satisfies (1.4) for some A(x,y,t) and B(z,y,t) is equivalent to the condition
that 7 is a solution of the following system of first order partial differential
equations:

alt(2fy — 7y — AT) =0,
{ ( ) (BTz,w)

27ty — g — BF) =0,
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where A = (Ah, — )~ and B = (M), — ¢)9~ L. A solution of BT,
gives rise to an explicit extended Ward map with one extra pole at A = z.
Although this first order PDE is solvable, general solutions have not been
fully understood. One result of this paper is an explicit construction of all
solutions of BT ;, when ¢ is an extended Ward soliton.

Another result of this paper is to construct an algebraic BT for the Ward
equation. This is a transformation that generates a new extended solution
11 by an algebraic formula in terms of a given extended solution % and an
extended 1-soliton g, r. In fact, if ¥ is holomorphic and non-degenerate at
A = z, then

1/11 (‘Tv Y, 1, )‘) = gz,fr(x,y,t)w(xv Y, 1, )‘) = <I + j\ _ i ﬁ-J_ ($7 Y, t)> w(xa Y, 1, )‘>
is also an extended solution of the Ward equation, where 7(x,y,t) is the
Hermitian projection onto ¥(x,y,t, z)Im(mw(z,y,t)). In other words, 7 is
a solution of BT, ,. Note that the algebraic BT only works if the given
extended solution 1 is holomorphic and non-degenerate at A = z. In this
case, the new extended solution ¢; has one more pole at A = z than ). We
apply algebraic BTs repeatedly to an extended 1-soliton to get Ward’s multi-
solitons, whose extended solutions have distinct poles. We use algebraic BTs
k times and a delicate limiting method to construct multi-solitons, whose
extended solutions have general pole data (z1,...,2,,n1,...,n.).

There are also analytic and algebraic BTs for harmonic maps from R? to
U(n) ([10, 3]). But the algebraic BT of a finite energy harmonic map has
infinite energy. Hence we cannot produce new harmonic maps on S? using
algebraic BTs. Although Uhlenbeck’s adding uniton method can be viewed
as the limiting case of algebraic BT's as the pole goes to i, the limit of these
BTs of a harmonic map s gives the same s (for more detail, cf. [10, 3]).
However, if we apply algebraic BTs of the Ward equation with pole at i + €
to a l-uniton and choose the projection m of the Ward 1-soliton gite r.
carefully, then as ¢ — 0 the limiting solution can be a 2-uniton. We show
in this paper that this limiting method for the Ward equation can produce
all unitons into U(n). In fact, we give an explicit construction of k-unitons
from k rational maps from C to C". Our construction of unitons is different
from the ones given by Wood in [15] and by Burstall-Guest in [4].

This paper is organized as follows: We give a quick review of unitons
and Ward 1-solitons in section 2, give algebraic Bécklund transformations
for the Ward equation in section 3. Uhlenbeck proved that a rational map
f: 8% = GL(n,C) satisfying the U (n)-reality condition (1.6) and f(oco) = I
can be factored as a product of simple elements. But such factorization in
general is not unique. We give a refinement of this factorization so that
it is unique in section 4. We apply Bécklund transformations and a care-
ful limiting method to construct Ward solitons that satisfy the boundary
condition (1.8) and their extended solutions have pole data (z,k) in sec-
tion 5. We construct multi-solitons whose extended solutions have pole
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data (z1,...,2r,n1,...,n,) in section 6. We show in section 7 that the first
equation of BT, , defines a natural complex structure on the trivial bundle
52 x C™ over S?, and a solution of BT, corresponds to a holomorphic
subbundle of the trivial bundle that satisfies certain first order PDE con-
straint. In section 8, we use the holomorphic vector bundle formulation of
section 7 to prove that algebraic BTs and the limiting method of section 5
produce all solutions of BT, ; for any extended Ward-soliton 1, hence we
can construct all Ward solitons explicitly. In section 9, we give an explicit
construction of all unitons using the limiting method of section 5. Finally
in section 10, we graphically give the wave profiles of some Ward k-solitons
by showing the graph of their energy density F(z,y,t;) for a sequence of
increasing ¢;. Results in section 6 tell us that a soliton with general pole
data (z1,...,2r,m1,...,n,) can be constructed by simple algebraic methods
from the n;-solitons with pole data (z;,n;). The graphics in the last section
indicate that a Ward soliton with polo data (z1,..., 2k, n1,...,ng) is the in-
teraction of k& Ward solitons with pole data (z1,n1),. .., (2K, ng) respectively
and these k solitons keep their shapes after interaction. But the dynamics of
solitons with pole data (z, k) are intriguing, quite complicated, and deserve
further investigation.

The reader can play the Quick Time movies for the Figures given in the
last section by going to

http://www.math.neu.edu/~terng/WardSolitonMovies.html.

The authors would like to thank Richard Palais for helping them write
the codes for the Ward multi-solitons (Object Pascal), and use his computer
program 3D-XplorMath to show the corresponding wave motions. The first
author would like to thank the AMS Fan Fund and Northeastern University
for sponsoring his visit to Northeastern University, where the cooperation
started. The second author also thanks Karen Uhlenbeck for many useful
discussions, and thanks MSRI for supporting her visit during the winter
quarter of 2004, where she worked on this paper.

2. 1-UNITONS AND 1-SOLITON WARD MAPS

A stationary solution of the Ward equation is a harmonic map from R? to
U(n). If in addition it has finite energy then it is a harmonic map from S2.
All such harmonic maps are called unitons, which are studied by Uhlenbeck
[10], Wood [15], Burstall-Guest [4] and others.

The harmonic map equation is integrable in the sense that there is an
associated linear system with a complex parameter ¢ € C\ {0}. Namely,
if s is a harmonic map from C to U(n), then the following linear system is
compatible:

{EZ =(1-¢YHYEP, 21

F:=—(1-£EP",
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where P = %s‘lsz. Note that the compatibility condition of system (2.1) is
the harmonic map equation,

P; = —[P, P,

Conversely, if E(x,y,&) is a solution of (2.1) and satisfies the U(n)-reality
condition (1.6), then s(z,y) = E(x,y,—1) is a harmonic map. Such E is
called an extended solution of the harmonic map equation. A direct compu-
tation implies that if F(z,y, ) is an extended solution of the harmonic map
equation, then

A—i\ !
t,\)=F —_—
w($7y> ) ) <5U7y>)\+z.>

is an extended solution of the Ward equation, i.e., 9 is a solution of (1.4)
and ¥(x,y,t,0)"! = s(x,y) is a stationary Ward map.
Let V = (v;;) : C — MY, (C) be a rational map, 7 the projection of C"

onto the subspace spanned by the k columns of V, and 7+ = I — 7. Then
s = m — 7+ is a l-uniton. Moreover, all 1-unitons are of this form. The

l-uniton m — 7+ has an extended solution:

E(x,y,€) = m(z,y) + &n(z,y) " (2.2)

Uhlenbeck proved in [10] that given a harmonic map s : S? — U(n), there
exists an extended solution E(x,y, &) of the form

E(z,y,6) = (m +&mp) -+ (mp + Emyp), (2.3)
where each ;(z,y) is a projection onto some k;-dimensional linear subspace
Vi(z,y) of C" and k < (n — 1). Such solutions are called k-unitons.

Substitute & = % into (2.3) to get an extended Ward k-soliton with pole
data (i, k). In particular,

A+ A+
¢(9€, Y, ta A) = E(l’, Y, ﬁ) = 77('%'7 y) + ﬁ ﬂ-J_(x7 y) = gi,ﬂ'(x,y)(A)7 (24)
is an extended Ward 1-soliton with a simple pole at A = 1.
A general extended Ward 1-soliton (1.9) is obtained by replacing ¢ by a
non-real complex constant z and z+iy by w = &+ zu+2z~"'v. The associated
Ward map is

kS z
JZ,V(xvyat) = ¢(:r,y,t,0)_1 =7+ %WL-

Note that jzy has constant determinant (z/Z)"~*. So we can normalize it
to get a Ward map into SU(n):

R ) I CR I

The 1-soliton J v is a travelling wave. To see this, write z = re’
compute directly to get

w=x+zu+ 2= (z —vit) + ki1 (y — vat) + ika(y — vat),

Sl=

(ETF + 7TL> .
z

? and
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- 2 . _ .
where v] = —QIfoG, Vg = ﬁ, and ki + ike = (2 — 271)/2. Thus J, v is a

travelling wave with constant velocity

=

2rcosf 1 — r?

_— 2.5
1+r2’1+r2) (2.5)

1

on the xy-plane.

Example 2.1. Ward 1-solitons
Let z € C\R, f: C — C a rational function, w = x + zu + 2~ 1v, V(w) =

(f(iu))’ and m(z,y,t) the projection onto CV(w). A direct computation

gives

Sy f+dﬂ@? @—dﬁ@)

A+ f(w)P) Nz = 2)f(w) 2f(w)]P+ 2

3. ALGEBRAIC BACKLUND TRANSFORMATIONS (BT)

In this section, we give an algebraic BT to construct a family of explicit
solutions from a given extended solution ¥(\)(x,y,t) = ¥(x,y,t, A) of the
Ward equation.

Theorem 3.1 (Algebraic Bécklund transformation). Let 1(x,y,t, \) be an
extended solution of the Ward equation, and J = 1(--- ,0)~! the associated
Ward map. Choose z € C\R such that v is holomorphic and non-degenerate
at A = z. Let g, n(zy)(N) be an extended 1-soliton, and 7(x,y,t) the Her-
mitian projection of C™ onto
¥(x,y,t, 2)(Im(m(z, y,1)).
Then
(1) 7»0(50, Y, t, /\) = gz,fr(a:,y,t) ()‘)1/}(‘7:7 Y, t, )‘)gz,w(a:,y,t) ()‘)_1 is holomorphic
and non-degenerate at A = z, z,
(2) Y1 = g2#Y =Ygz x is a new extended solution to the linear system
(1.4) with
(AaB) - (A + (2 - Z)ﬁ'x,B + (2 - Z)ﬁ-v)v

and the new Ward map is
z k/n z . ~ 1
Jl(xayvt) - (g) J(I’,y,t) (;W(I’,y,t) +7 (.Q?,y,t)) .

Proof. (1) Let (\) = g2 7#(N)(N\)gzr(\)~L. Then residue calculus implies
that 1(A) is holomorphic at A = z,z. Thus we have two factorizations of

1/11 - gz,fri/) = ngJr‘
(2) It suffices to show that

Ay i= (ABythy — Bty )y (3.1)
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is independent of A. Using ¥1 = g, 7%, we have
A1 = (A02ge s — Ougei)9om + 927 (N0 — D) gL (32)

Since (A1) — dy10)1~! is constant in A by assumption, (3.2) is holomorphic
at A € C\ {z,z}, and has at most a simple pole at A = co. But
Resy—co A1 = (929:7)9 » =0
"I A=o00
as g,#(00) = 1. So A; is holomorphic at A € CU{oo} \ {7, Z}. On the other
hand, using i1 = @gz,,r,

Ar = (N0 — 0uh) ™ + P (N0ugeir — Ougom)gomtd . (3.3)

Since (A0zGsm — Gugzﬂr)g;}r is independent of A, A; is holomorphic at A =
z,z. Thus we see that A; is holomorphic on CU {oo}, hence independent of
A by Liouville’s Theorem. Likewise (A9,th1 — 0,1b1)1b7 " is also independent
of A. The remaining computation is straightforward. ]

Let
wlzgz,ﬂ*d}u legz,W*J
denote the algebraic Bécklund transformation generated by g. . If we apply
BTs repeatedly (with distinct poles) to an extended 1-soliton solution, then
we obtain Ward multi-solitons, whose extended solutions have only simple
poles. Such solutions coincide with the ones obtained by Ward [12] using
solutions of the Riemann-Hilbert problem.

Example 3.2. Ward 2-solitons with trivial scattering
Let z1, z9 be two distinct complex numbers and z; # Z3, f1,f2 : C — C

1
fi(w;)

rational functions, and 7;(z,y,t) the projection onto C , where

wi:x+ziu—|—z;1v, 1=1,2.

Then g, », and g, =, are extended 1-soliton solutions of the Ward equation.
Apply Bécklund transformation (Theorem 3.1) with ¢ = g¢,, », and g, » =

Gz, Compute directly to see that 1 (22) <( 7 (10 )>> is parallel to
2(we

B = A <f1(1wl)> +B (flf‘l’l)> , (3.4)

—_— 20— 21

A=1+ fl(wl)fg(wg), B = (fl(wl) - f2(w2))'

The new extended solution of the Ward equation is

Y= 920,72921,m1 5

where 79 is the projection onto Cvy. The associated Ward map is

where

22 — 21

z _ 29
J = c(m + Tlﬂ_]J__)(ﬂ_Z + TzﬂzL)a
21 22
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2 _ 2122
z122

where ¢

is a normalizing constant to make det(J) = 1.

Remark. If J is a Ward map into SU(n), then the Ward map associated
to 41 in Theorem 3.1 is

Ji=J(F+Z7h,
which is a Ward map into U(n). But det(J;) = (z/2)" % is constant. So

J1 = (Z/z)nT_kjl is a Ward map into SU(n). This means that BTs are
defined for both the SU(n) and the U(n) case.

4. MINIMAL FACTORIZATION

Let S,(5%,GL(n)) denote the group of rational maps f : $* — GL(n,C)
that satisfies the reality condition f(A)*f(A\) = I and f(co) = I. First we
recall the factorization theorem of Uhlenbeck [10]

Theorem 4.1. [10] The group S.(S% GL(n)) is generated by the set of all
simple elements, i.e., every f € S,(S%, GL(n)) can be factored as a product
of simple elements,

f = 9Gz1,m """ Yz

for some z1,..., 2z, and Hermitian projections w1, ..., Tg.

However, the above factorization is not unique. For example, if Imm; is
orthogonal to Immo then Yot omt = Gzl where 7 is the projection onto
Imm; @ Imma. Moreover, if 21 # 29, Z2, then g., r,gz,r, can be written as
920,792 ,7 for some projections 71, 9. This is the permutability formula for
simple elements given in Theorem 6.2 of [9], which can be reformulated as
follows:

Theorem 4.2. [9] Suppose z1 # z2, Z2, and w1, T2 are Hermitian projections
of C". Let 71 be the projection onto g, x,(z1)(Imm), and 7g the projection
onto g, =, (z2)(Immy). Then

9z1,719z22,m2 = Gz2,72921,m1-
Conversely, if T; are projections so that gz, 7, 9z0 w0 = G20,70921,71, then 7, = 7;
fori=1,2.

Recall that g, » * ¢ is the algebraic BT of 1 generated by the 1-soliton
gz As a consequence of Theorem 4.2 we have

Corollary 4.3. If g, », are extended Ward 1-solitons, then g., ry * g2y 7, =
Gz1,m1 * Yzgma-
Note that the proof of Theorem 3.1 (1) gives a more general permutability

formula:

Proposition 4.4. Suppose f € S.(S% GL(n)) is holomorphic and non-
degenerate at A\ = z and g, r is a simple element. Let © be the projection
onto f(z)(Imm). Then
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1) f= gzﬂ;‘)"gz_ﬂlr is holomorphic at A = z, Z,
(2) f92r = 922 ]
It follows from Theorem 4.1 and permutability formula 4.2 that we have

Corollary 4.5. Let f € S,.(S%,GL(n)), and C(f) the set of poles of f.
Suppose C(f) C Cy = {r+is|s > 0}, C1,Cy are proper disjoint subsets of
C(f), and C(f) = C1 U Cy. Then there exist unique f1, f € Sp(S?,GL(n))
so that ¥ = fify and C(f;) = C; fori=1,2.
Corollary 4.6. Let f € S,(S?, GL(n)) with pole data (21, . .., 2, N1, ..., Ng)
and z; € C4 for 1 <i < k. Then:
(1) There exist unique fi € S.(S?, GL(n)) with pole data (z;,n;) and
F; € 8,(5%, GL(n)) that is holomorphic and non-degenerate at z;, z;
such that f = F; f; for each i.
(2) There exist gj € S,(S?, GL(n)) with pole data (zj,n;) for 1 <j <k
so that f =g1-- gk-

Next we give a refinement of the factorization for elements in S,.(S%, GL(n))
whose pole data is (z, k). First we need a Lemma.

Lemma 4.7. Let w1 and m be two Hermitian projections of C™ onto Vi, Va
respectively.
(1) If Vi L V3, then
A—Z
9zm092,m = E 9z, (41)

where T = wo + 1 1S the projection onto Vo & V1.
(2) Suppose Vi :=Van VlL # 0. Let 7o and 11 be the projections onto
Vo N (VAL and Vi @ Vi respectively. Then Imm N Im7i- = 0 and
9z709z,71 = 9z,m92,115 (42)
Proof. A direct computation gives (4.1) and (4.2). Compute directly to see
(Imm) N (Im7i) = (Vo N (V2)) N (i & V3)
= (Ve N (VH)H) n(vi-n (v))h)
=(VLnViH)nh)t = ny)t =0
O

Proposition 4.8. Suppose 71, ..., 7 are Hermitian projections of C"* and
Imm; N Imﬂf_l =0 for all2 < j < k. Let nj = the rank of mj. Then

(1) nmi>mng>-- > ny,

(2) Ker(rj- -+ - mi) = Immy,

(3) dim(Im(mit - 7)) = n — ny.

Proof. Denote V; = Imm;, 1 < j < k. The kernel of 7rji . V]i_1 _ V}L i
V;N Vi, =0. So 7y is injective on V. -



12 BO DAI* AND CHUU-LIAN TERNGT

Definition 4.9. Suppose ¢ € S.(S?, GL(n)) has pole data (z,k). A factor-
ization of ¢ is called minimal if

A—z\"!
¢: ()\Z) 9z 9z,m

with 7; # 0,1, and Imm; N Imwf_l =0forj=2,---1

Theorem 4.10. If ¢ € S,(S?,GL(n)) has pole data (z,k), then ¢ has a
unique minimal factorization.

Proof. By Uhlenbeck’s factorization Theorem 4.1, we can factor

¢k =9zmy " Y9z,

We first prove the existence of minimal factorization by induction on k. For
k = 1,2, the Theorem is true. Suppose the Theorem is true for & — 1.
Induction hypothesis implies that

_\m
A—2Z
gz,ﬂ'k,1 e gz,m = <A — Z> gz,kalfm e gz,n

so that the right hand side is a minimal factorization. If m > 1, then by
induction hypothesis g. r, 927 ,_,, "9z~ has a minimal factorization. So
does ¢. If m = 0, then there are two cases:
(1) If Tmmg N ImT,ﬂ-_l =0, then g, r, 927, , - 92,~ is a minimal factor-
ization for ¢y.
(2) If V := Imm, N Im7y- | # 0, then by Lemma 4.7 (2) we can write

9z 9211 = 92,792,711

such that Im, N Imi’,j_l = 0, where Im7;, = Imm, N VE, and
Im7,_1 = Im7i_q @ V. Since V # 0, rk(7;) < rk(7g). By induction
hypothesis, ¢. 7,927 59>~ has a minimal factorization

9z 71" Yz,

If Im7ty, N Im%,i-_l # 0, then we use Lemma 4.7 again to reduce the
rank of 7. So after finitely many times, we can obtain a minimal
factorization of ¢y.

Next we use induction on k to prove the uniqueness of minimal factor-
ization. The case k = 1 is obvious. Suppose all ¢ with pole data (z, k) and
k < K have unique minimal factorizations. Consider two minimal factor-

izations
A—z\ " A—z\m
<)\—Z) 9zt Gz = (/\—Z> 9z 9z,

Compare the coefficients of ﬁ to get
(z—2)K gt oonft = = )KLt
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By Proposition 4.8 (2), the kernel of the left hand side and the right hand side
operators are Imm; and Im7; respectively. Hence m; = 7. Then induction
hypothesis gives the uniqueness. O

5. WARD SOLITONS WITH POLE DATA (z, k)

Ward noted that the limit of extended 2-soliton solutions with poles at
i+¢€and i —e€ as € — 0 gives time dependent Ward maps, and are 2-solitons
with non-trivial scattering (cf. [14, 6, 8]). In this section, we use a systematic
limiting method and algebraic BTs to construct extended Ward k-solitons
with pole data (z, k).

First we give the Example of Ward:

Example 5.1. Ward 2-solitons with non-trivial scattering.

Let « € C\ R, and f, g two rational functions on C. Choose z1 = a + €,
zo =a—¢€, f1 = f+eg, and fo = f—eg in Example 3.2. Expand the formula
for v9 given by (3.4) in € to see

B = C) (f(i)) LGy (@) + 0),

where w = = + au 4+ o~ 'v, and
Ci= Q1+ |f)), C2=(a—a)((u—av)f (w)+g(w)).

Let 72 denote the projection onto the complex line spanned by

By = C) <f(1w)> +Cy <f£?> .

Then as € — 0, 75 tends to g, the extended solution 1 tends to

Y = ga, 290,715
and the Ward 2-soliton tends to
J = b(my + bri) (72 + by,
where b = a/a. In particular, if o = 4, then we get an extended solution

12)2 = Gi,7#29i,m1 5 (51)

where 7 (z,y,t) is the projection onto C <f(iu)> and 7 the projection onto
the complex line spanned by

. 1 . f(w)

bo = (1 + |f(w)]? —2zt’w+w( ),

= (7@ (4 ) 2008w+ atw) (10
and w = x 4 iy. The limiting Ward map J = —(m — n{-) (g — 73 is

a 2-soliton with non-trivial scattering, and the extended solution ¢ has a
double pole at A = 1.



14 BO DAI* AND CHUU-LIAN TERNGT

Using similar limiting method, Ioannidou constructed extended Ward 3-
solitons with a triple pole at A = i (see [6]).

Below we apply algebraic BTs and an order k limiting method to construct
k-solitons, whose extended solutions have pole data (z, k) for any z € C\ R
and k > 2. To present this method more clearly, we work on the SU(2) case
first. At the end of this section, we will briefly explain how to generalize
this method to the SU(n) case.

Let 2 € C\ R be a constant, and {a;(w)}32, a sequence of rational
functions in one complex variable. Assume that ag(w) is not a constant
function. Let ay) (w) denote the i-th derivative of a; with respect to w. For
any € € C with |e| small, let

w =+ zu+ 2" v, (5.2)
we =z + (2 + )u+ (2 +€) " lo,

and

(1)

=(u—2z “v)e+ Z 2y (=€)
=2
(2)
co (1) 00
a;’ (w)
aj(we) = Z J T (we — w)! == Zbﬂel,
1=0 1=0
where bj; = bj;(x,u,v) can be computed directly:
(ijo = a] (w)7
bix = (u—2"%v)a](w)
bio = U=l (w) + (2 bu)a) (w),
bia = el (w) + (u— 2%0)(x"3)a(w) — (= w)aj(w),
u—z"2p)% a/-ﬁ(w) _ _
bja = (u=z "0) ?! ) ) a§4)(w) + 5= (u— 27 2)%(z %)
+ﬂ(2_67}2 —2(u—27%20) (27 %)) + (2_51))@;- (w),
-
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k oo
Jre = Z aj(we)ej = Z Z bj’lejH

=0 j=0 1=0
= co+cred -+ ope” + O(F),

where ¢; = ¢(z,u,v) = Eé’:g bj;—; are given below:

co = ap(w),
1= (u— z*2v)a6(w) + a1 (w),
oy = W22 202 0 a) 1 (2 3v)aly(w) + (u— 2~ 20)a) (w) + as(w),
—2 3
es = 5 ag (w) + (u — 2~ %0) (=~ 0)af (w) — (z~v)ap(w)
Lz 20 0 )+ (2730)a) (w) + (u — 2 20)ah(w) + ag(w),

s + (27 v)ag(w)
+ =26 (w) + (u — 27 20) (2 3v)a (w) — (2~ Mv)a) (w)

P20 ) 1 (2 Pu)a () + (2 20)ah(w) + aa(w),

(5.3)

From the above computation, we see that c;’s are rational functions in
x,u,v, hence are rational in x,y and ¢. Singularities of ¢; consist of finitely

many straight lines in R*>! given by w = x 4+ zu + 2~ v = py, pa, - - -, where
P1,D2,- -+ are the poles of the rational functions ag, - ,a;.
For k > 1, let

o — 1
e fk—l,e ’

T,e the Hermitian projection of C? onto Cve. Define 1)y and T/A)]f by in-
duction as follows:

7wbl,e = Gztemier and 7/)1 = lg% wl,ev
wk,e = gz—l—e,mc’E * ¢k717 and 1/% = ll_{% wk,e‘
Let
Ue = Yr—1(2 + €)(Vp,e),
By Theorem 3.1,

Ve = Gateip. k-1,

where 7,  is the projection onto Coy, .

Theorem 5.2. Let ag, a1, ... be a sequence of rational functions from C to
C, and let vi e, T, Vke, Yr and Uy be defined as above. Then we have
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(1) Dge = Ok + €Yr1 + €2Ypa + - -+, where

. k—1 ' 0

U = (C ) + Z(Z — E)JP]C,L]‘ ( > , (5.4a)
0 st ]

Pyj= ), e (5.4b)

[>i1>-->i2>1

Moreover, all entries of U, are rational functions in x,y and t.

(2) Y = Gy " Goiy 15 @ minimal factorization and is an extended
Ward map with only a pole at A = z of multiplicity k, where 7y, is
the Hermitian projection of C% onto Coy. Moreover, 7y, is smooth,
and for each fizred t, lim |, 2 |y 200 Tk(2, Yy, 1) exists.

(3) The Ward map associated to iy,

1 . . . .
Jg = P |k(Z7T1 + 277 (Zfty + 2ty) - - - (Bhp + 27),

is smooth and satisfies the boundary condition (1.8), and all entries
of Ji are rational functions in x,y and t.

Proof. We prove the Theorem by induction on k. For k = 1, Theorem is
clearly true. Suppose the Theorem is true for k. We will prove that (1)—(3)
hold for k£ + 1.

(1) By Theorem 3.1 and induction hypothesis, we have

Upt1,e = V(2 + €)Upt1,e
iZ

- D)Pr-1(z+€) (fi,)
=+ 2 (4 o) (fk_LE +1ak(we)5k>

.
S ot s, ) 0 ()
(s

O + ey +e(z = 2) TP <ak(()w)> + 0(62)>

—(1+

= O + (2 — D)7 (yk R G Ly~ N (ak?w)» + O(e).

In the last step we have used 0 € Ima,. Therefore all terms of negative
powers of € vanish in the Laurent series expansion of 0j41 . in €.

The Laurent series expansion of ¢;(z + €) in € is

zZ—zZ,.
)

dile+) = 1+ 2Z0f) o 1+

:1_1_27

z
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Substituting (5.5) to ¥y1,e and using the fact that the Laurent series ex-
pansion of U1 has no €7/ terms with j > 0, we have

Ugtl,e = (2 + €)pt1,e = V(2 +e€) (fi 6>

= Pr(z +€) <<Clo> +€ (001> +e g R <C(l> +O(6k+1)>

= <1> + (2 — 2) Py (CO1> ot (2= ) P <O> +O(e).

Co Ck

Therefore we obtain

Vg1 = (610) - ;(z —2)/ Py (fj) : (5.6)

J

By induction hypothesis, 71, - - - , T are smooth, and all of their entries are
rational in x,y and t. Thus Py 1, - , Py have the same analytic properties
as m;’s. Together with the analytic properties of ¢;’s, we see that all entries
of Uy41 are rational in x,y and t.

(2) By (1), we have
lim 7~rlc+1,e = Tg11,
e—0

where 71 is the projection onto Cigq. Since all entries of U4 are rational
in ,y and ¢, Txy1 is smooth and for each fixed ¢, lim|(y y)|—oo Th+1(Z, Y1)
exists.

Next we claim that zﬁkﬂ is an extended Ward map with a pole at A = z
of multiplicity k£ + 1. To see this, first note that

Yg+1 = lim Jztempqr,e * ¢ = lim 9z+e, 7yt Wk
e—0 ’ e—0 ’

Z—Z Z—Z
A o (I A
)\_ZTFk+1) ( +)\_Z7T1)

= gz,frk+1gz,ﬁk e gZ,le = (I +

(2 —2)
=1+ Ny DL
j=1

By Theorem 3.1, Gotempir.e * 1[1;6 is an extended Ward map for small |e| >
0. By continuity, so is ¥;1. The coefficient of (A — 2)7F=1 of 1&;%1 is
(2 — 2" Pyy1 gy1. To show that 1,11 has a pole at A = 2 of multiplicity
kE + 1, it suffices to show that Ppyix41 = ﬁ,§+1fré--~-7%ll # 0. For this
purpose, we write

Pyj = Pyo1j+ 75 Py (5.7)
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So (5.6) for £+ 1 can be written as

1 k—1 ' 0 k—1 ) 0
D41 = <00> +Y (2= 2Py <C) +ap Y (2= 2Py ( >
; J

j=1 =0 KAR
(5.8)
k—1
_ il 2\ 0
=Up+(z—=2)7 Y (=2 Pe_1; | . (5.9)
=0 Cj+1

By the induction hypothesis, 1, = 924, """ 9z is a minimal factorization.
So (ImTer)ﬂ(Imﬂjl) =0for 1 < j < k—1. By induction hypothesis 0y # 0.
Formula (5.9) implies that Imy,; N Im#;- = 0. Hence Yk41 is a minimal
factorization. By Proposition 4.8, @z @7 -+ -1 # 0. Thus (2) holds for
E+1.

(3) The expression for Jyy1 = ¢11(0)~" is straightforward. Since all 7;’s
are smooth, and for each fixed ¢, im |, 24|y 200 (2, Y, 1) exist, Jpiq is
also smooth and satisfies the boundary condition (1.8). The entries of Ji41
are rational in z,y and t because all 7;’s have this property. O

We give some explicit formulas for 9y with k& small:

(1) & = (610>

(2) D9 = 01 + (2 — 2)7f CO> The corresponding Ward map coincides
1

with the one in Example 5.1 if 2 = a and (ag, a1) = (f, g)-

(3) b3 =Dy + (2 — 2)7d ((2) + (2 = 2)71 (CO2
4

04 — U3

= (2 — )7t <<0> + (2 — (a5 +if) <0> +le— 2 i (D) |

We briefly explain how to construct Ward solitons with pole data (z, k) for
the SU(n) case next. Choose a sequence of rational maps a; : C — C", j =
0,1,2,---. Let ;. be the Hermitian projection of C" onto C Zg:_ol ar(we)é,
we =12+ (z+€)u+ (2 +€)"lv, for 1 < j < k. Then the same computation
and proof as in the SU(2) case imply that U = 9219275 1" G2y 1S @
minimal factorization and is an extended Ward map with pole data (z, k).

Note that all 7;’s are of rank one in the above construction. But the same
limiting method also produces extended Ward solitons of the form

9z " 9z,m

with rk(my) > --- > rk(mg). To see this, let n —1 >ny > -+ > ny > 1
be integers, and a;1, ..., a;, C"-valued rational maps on C for 1 <1 < k.
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Suppose

S ARRRAN AT 750
generically, and let 71 (w) denote the projection of C™ onto the linear span of
ar1(w), ..., a1p, (w). Let w = o+2u+2"1v, and we = 2+ (2+e)ut(z+e) "1
Then

U2 = lim g (z + €)(ari(we) + eagi(we))

= an(w) + (2 = 2)mi (v — 27 v)ay; (w) + agi(w)), 1<i<ny.

Let w9 denote the projection onto the linear span of 091 (w),. .., Vo, (w).
Then ¢, 7,9 is an extended solution, and rk(m) = no. It is easy to see
that Immy N Imﬂ'f- = 0. Hence g, x,9.x is a minimal factorization. Similar

computations give the construction of extended Ward maps with pole data
(z,k) and arbitrary rank data (nq,...,ng).

6. WARD SOLITONS WITH GENERAL POLE DATA

We associate to each extended Ward map with pole data (z, k) a general-
ized algebraic BT. Use these generalized BTs, we construct extended Ward
maps that have general pole data (z1,..., 2k, n1, ..., nk).

We first give a more general algebraic BT (Theorem 3.1):

Theorem 6.1. Let ¢ be an extended Ward map with pole data (z,k), and ¢
an extended Ward map that is holomorphic and non-degenerate at A = z, z.
Then there exist unique ¢ and v such that ¢ = ¢, where ¢ has pole data
(z,k), and ¢ is holomorphic and non-degenerate at A = z,z. Moreover,

is a new extended Ward map and ¢, are constructed algebraically.
Proof. 1t follows from Theorem 4.1 that we can factor ¢ as product of k
simple elements.
(b =9Gzm Y9z

Let 7 be the projection onto ¢ (z)Imm;, and 1/71 = gz,ﬁlng;}rl. Residue
calculus implies that 1/;1 is holomorphic at A = 2,z. For j = 2,--- |k, we
define 7; and ; recursively by

Imﬁj = @j_l(z) Im7rj, and Q;j = g ﬁj&j—lgz_ﬂlrj'

Agam T/fy is holomorphlc at A =z,zfor j=2,--- k by residual calculus.
Let ¢ = 927, " 927, and w Vg By construction, o = ¢¢ Next we
prove uniqueness. Suppose qﬁ has pole data (z, k) and ¢ is holomorphic and
non-degenerate at z,z and ¢E1/J = ﬁqﬁ. Then ¢y~ = 1;*% = 1;71& So we
have



20 BO DAI* AND CHUU-LIAN TERNGT

But the left hand side is holomorphic at z,z and the right hand side is
holomorphic at A € C\ {z, z} and is equal to I at A = co. Hence it must be
the constant identity. This proves ¢ = qg and 1) = 1/3

The same proof of Theorem 3.1 implies that ¢ = zigb = ggw is an extended
Ward map. O

We use ¢ * ¢ to denote the new extended solution ¢; = éw constructed
in the above Theorem, and call

Y= gxp
the generalized Bdcklund transformation generated by ¢.
The proof of Theorem 6.1 implies that if ¢ and ¢ are extended Ward
maps with pole data (z1,n1) and (22, n2) respectively and z; # 29, Z2, then
¢ * 1Y =1 x ¢. Same argument gives the following Corollary:

Corollary 6.2. Let z1,. ..,z € C\R such that z; # zj,Z; for alli # j, and
¢ an extended Ward map with pole data (zj,nj) for 1 < j <r. Let o be a
permutation of {1,...,k}. Then

Po(1) * (Do) * (- % Pg(ry) =) = Pr % (P2 % (- % ) - -).

Example 6.3. Extended Ward 4-solitons into SU(2) with two double poles.

Choose z1, z9 € C\R with 21 # 29, Zo, and rational functions ag(w), ai(w)
and bo(w), by (w). Let w; = x + zu + z; 'v, i = 1,2. By the construction of
section 5, we have two extended Ward solitons

¢ = Gzy,mY20,71> P = 921,792,115

where
1

Imm =Cv1 =C <b0(w2)

> ,  Immy = Cus,

Y2 = (bo(i)z)) + (22— 2)mp <(u - 2520)1)6?102) +b (w2))
< 1 > (22— 2) ((u — 25 *v) b (w2) + bi(wy)) <50(w2)> ’

bO(w2) 1+ ’bo(w2)|2 -1
and
1
Imr =Cqu =C (ao(w1)) ,  Immy = Cqo,

== (%ém)) Ha—zn ((“ - 21_2“)@6(()1111) + al(w1)>
) ( ) ) (21— 2)((u — 21 *v)ap(wr) + a1 (wr)) (ao(wl)) ,

aO(wl) 1+ \ao(w1)\2 -1

Apply generalized Bécklund transformation ¢*1 to get an extended solution
with two double poles at z1, zo. By Theorem 6.1,

¢ * 1/] = G20, 72929,71 921,72 921,115
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where Im7; = Cv; = Cip(22)v1, and Im7y = Coy = Cz]q(zz)vQ. Compute
the following limit
(20 — Z2)¢n(22) = Ahfzg()\ — 20)Gz 0 (NP (N) gz (A) )
to see
P1(22) = ¥(22)m + 7 <¢1(22) + (22 — 52)67’/)8()’?) 7T1> :
The associated Ward 4-soliton is given by
1

Ji= —
T Tzl

(517'1 + 2’17'1J')(217'2 + 2172J')<227~l’1 + Zgﬁf')(égﬁg + ZQ?NT%').
Let
Cy={atib|b>0}
denote the upper and lower half plane of C. We claim that to construct
Ward solitons with general pole data, we may assume all the poles lie in the
upper half plane C,. This claim follows from two remarks below:
(1) A direct computation implies that
A—z zZ—z
—— g N) =1
N_z gz (A) + b\
(2) Let ¢ be an extended Ward soliton. By Theorem 4.1, we can factor

= gz,ﬂ'J‘ .

w = 921,71'1 o gzrﬂrr‘
Suppose z1,...,2; € C_ and the rest of the poles lie in C;. Let

k: .
O |
j=1

)\—Zj

Then f1) still satisfies (1.4), hence is an extended solution. But fi has poles
at Z1,..., 2k, Zk11, - - - , 2r, Which all lie in C;.. The Ward maps corresponding
to 1 and fi are J = (0)~! and J; = ¢(0)~1/f(0) respectively. Note f(0)
is a constant complex number of length 1. So we do not lose any Ward maps
by assuming that all poles lie in C..

Corollary 6.4. Given distinct z1,--- ,2z, € C, and positive integers nq,
.., Ny, there is a family of Ward solitons whose extended solutions have
pole data (z1,--+ , zp, M1, ,Ny).

Proof. Let qﬁzjmj = Gz mn;  zym be an extended Ward soliton with pole

data (zj,n;) constructed in section 5. Apply Theorem 6.1 repeatedly to
¢, .n, to get the extended solution

¢ = ¢z, * ( Tk (d)zz,nz * ¢217n1) T )
Then ¢ has pole data (z1,- -, zp,n1, -+ ,Nyp). O
In the rest of the section, we prove that a general Ward soliton can be con-

structed by applying generalized Béacklund transformations to an extended
Ward soliton with pole data (z, k).
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Theorem 6.5. Suppose v is an extended solution of the Ward equation,
and v = fi1fa, such that
(1) X fo(z,y,t,)) is an element of the group S.(S? GL(n)) and has
poles only at z1,. .., 2,
(2) f1 is holomorphic and non-degenerate at A = z1, ...,z and Z1, . . ., Zg.

Then fo is also an extended solution of the Ward equation.

Proof. Let Pf = Afy — fu, Qf = Afy — fe,and D ={z1,..., 2k, 21, ..., 2r }.
Use fo = f; L4 to compute directly to get

Ay = (Pho)fs = P(fi )i+ [ Py i

Since v is an extended solution, A = (P)y ! is independent of X\. Because
f1 is holomorphic and non-degenerate at points in D, the right hand side
of As is holomorphic at points in D. But f5 is assumed to be holomorphic
in C\ D, so (Pfa)f, " is holomorphic for A € C\ D. So As(w,y,t,\) is
holomorphic for all A € C. But fy € S,(S?, GL(n)) implies that (Pfy)fy ' is
holomorphic at A = co. Hence Aj is independent of X. Similarly, (Qf2)f5 !
is independent of A. This proves that fs is an extended solution of the Ward
equation. U

Corollary 6.6. Suppose ¥ = ¢1--- ¢, is an extended Ward soliton such
that ¢; has pole data (zj,n;) and z1,...,2 € C4 are distinct. Then for
1 S .7 S r—= 17
(1) ¥j = @jy1... ¢y is also an extended Ward soliton,
(2) there exists a unique extended Ward soliton ¢; with pole data (zj,m;)
so that ¢ = <;~Sj * 1),
(3) ¥ can be constructed by applying the generalized algebraic Backlund
transformations repeatedly to ¢,.

Proposition 6.7. If1 is an extended Ward soliton with pole data (21, . . ., zr,
ni,...,ny), then for 1 < j <r, there exists a unique extended Ward soliton
¢ with pole data (z;,n;) so that

=rx(dax (o))

Proof. By Uhlenbeck’s factorization Theorem 4.1 and the permutability
Theorem 4.2, we can factor ) as

v=fofrfi=91(92- - gr) (6.2)

such that f;,g; € S:(S% GL(n)) have pole data (z;,n;). We prove the
Proposition by induction on r. If r = 1, the Proposition is automatically
true. Suppose the Proposition is true for »r = n — 1. Then by Theorem 6.5
both f; and g9 - - - g, are extended solutions. By induction hypothesis, there
exist extended Ward maps ho,...,h, with pole data (z2,n2),..., (2, 1)
respectively such that

g2 gr =hax (hg* (- xhy)---).
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Equation (6.2) implies that ©» = f1 % (g2 - - - g, ), which is equal to
Jix(has (- xhy)--0).

7. ANALYTIC BT AND HOLOMORPHIC VECTOR BUNDLES

In this section, we generalize some of Uhlenbeck’s results on unitons to
Ward solitons. In particular, we

(1) derive the analytic Bécklund transformation BT, ., (given in the
introduction) for the Ward equation,

(2) associate to each Ward soliton and complex number z € C\ R a
holomorphic structure on the trivial C"-bundle over S2,

(3) prove that to find solutions 7 of BT, , is equivalent to find a one
parameter family of holomorphic subbundles of the C™-bundle with
respect to the holomorphic structure given in (2) that satisfy certain
first order PDE system.

Suppose () (z,y,t) = ¥(x,y,t,A) is an extended solution of the Ward
equation with A = (A, — )™, and B = (M), — ;)b L. Motivated by
the construction of Bécklund transformations for soliton equations, we seek
a new extended solution of the form ¢ (\) = g, (X)) (A) for some smooth
map 7 from R%*! to the space of rank k& Hermitian projections of C*. The
condition t); satisfies (1.4) implies that

(Age = gu)g~" + gAg™" = 4,
(Agv — 92)9~ " +9Bg™" = B,
for some A and B independent of A, where g = 9o = 1+ f\;jWL. The

(7.1)

reality condition implies that g, -(A\)™! =14 $=27". Since the right hand
side of (7.1) is holomorphic in A € C, the residue of the left hand side at
A = z must be zero, which gives

(2t —ml)m+mtAn =0,
(zmr —mH)m + 7t Br = 0.

But 77 = 0 implies that

—nt(zmy — my) = (2mt — h)m.
So we get the following system of first order partial differential equations for
s

{ nt(2my — 7y — A) =0, (7.2)

nt(zmy — mp — B) = 0.
The residue at A = Z is zero gives the same system (7.2), which is the
analytic Bécklund transformation (BT) for the Ward equation. So we have
proved the following;:
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Proposition 7.1. Let @ be an extended solution of the Ward equation,
A= My — )Y Y, and B = (M), — Y)Y~ Given a smooth map m from
R2! to the space of Hermitian projections, 9-x¢ 1s an extended solution of
the Ward equation if and only if m satisfies (7.2).

Ioannidou and Zakrzewski proved the above Proposition for z = ¢ in [8].
However, no general solutions of the system (7.2) were given.
As a consequence of Theorem 3.1 and Proposition 7.1 we have

Proposition 7.2. Suppose ¥(x,u,v,\) is an extended Ward map and is
holomorphic and non-degenerate at X\ = z, and fi,..., fr are meromorphic
maps from C to C™ that are linearly independent except at finitely many
points of C. Let w = z + zu + 2z tv, f; = (- ,2)(fi), and T be the
Hermitian projection of C™ onto the span of fl, ceey fk Then 7 is a solution
of BT y, or equivalently, g. z2 is again an extended solution.

Thus if ¢ is holomorphic and non-degenerate at A\ = z, then the above
Proposition gives an algebraic method to construct solutions of BT, ;.

When z = i, 7 is independent of ¢, and ¢ is an extended k-uniton, (7.2)
is the singular BT used by Uhlenbeck in [10] to add one more uniton to the
given k-uniton. She also proved that a solution of (7.2) for a uniton can be
interpreted as a holomorphic subbundle that satisfies an algebraic constraint.
In this section, we show that a solution 7 of the analytic BT (7.2) for Ward
map can also be interpreted in terms of holomorphic subbundle, but it now
must satisfy a first order PDE constraint. We explain this next.

If we make a suitable linear change of coordinates of R*!, then the oper-
ator 20, — 0, becomes a 0 operator. To see this, let z = a4 i/3. Then

B 1 v , . po
w=2x+z2u+z v—(x+au+7a2 v) 4+ i(fu e

+ )

Make a coordinate change:

p=r+au+t %5,

q = Pu— A, (7.3)
r="2.
Then
890 = apv
3y = ady + 30,
Oy = 322520p — o752 0q + Or-



BT AND WARD SOLITONS 25

A direct computation gives
20y — Oy = (v +13)0p — (a0p + B0y) = i30, — B0,
=16(0p + 10,) = 2i[30y.

, o B
Zav—al-:(a+l/6)(map 2+ﬁ28 —l—@) 3
20 (g, - Ty,
a—1if 2i3
Use z = a+1i( and substitute the above formulas into the analytic BT (7.2)
to get
1 8@ o A7 =0
m T—PZ)W ’ (7.4)
- (0p + ~50r — ;7= B)m = 0.
Let
L= 8“7 - zAz’
M=05+ 250, 22
Then

So system (7.4) is equivalent to

(8@— P E)W_O
{ (0, + (A - 2B))m = 0. (7.5)

Thus we have shown

Proposition 7.3. Let ¢, A, B be as in Proposition 7.1. Then g, ¢ is an
extended solution of the Ward equation if and only if m satisfies (7.5).

The first equation of (7.5) has an interpretation in terms of holomorphic
subbundle. To explain this, we first review some notation of holomorphic
vector bundles over S (cf. [10], [15]). A map 7 defined and is smooth on S?
except on a finite subset D is said to be of pole type if at each pg € D there
exists a local complex coordinate (O, w) of S? at py with w(pg) = 0 such
that the map n(w) = w™"no(w) for all w € O, where m is some positive
integer and 1) is smooth in a neighborhood of 0. Point pq is called a pole of
7.

Given a smooth map f : S? — U(n) and a constant ¢, let A = cfgf !,
then gy — A gives a holomorphic structure on the trivial bundle C* = $2? xC"
over S2. A local section & of C" is holomorphic in the complex structure

Op — A if

Op€ — A€ = 0. (7.6)

A meromorphic section of a holomorphic vector bundle is a section of pole
type and is holomorphic away from the poles. It is known that the space
of meromorphic sections of a rank k& holomorphic vector bundle E over S?
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is of dimension k over the field R(S?) of meromorphic functions on S2. In
other words, there exist £ meromorphic sections 7y,...,n; such that if n
is a meromorphic section of E then there exist fi,..., fi in R(S?) so that
n= Z§=1 fin;. We call such {n1,...,nx} a meromorphic frame of E.

The following is known (cf. [10, 15]):

Proposition 7.4. Given a smooth map 7 : S?> — Gr(k,C"), let I denote
the subbundle of C™ whose fiber over p € S% is Im(m(p)). Then the following
two statements are equivalent:

(1) 70 — A)m =0,

(2) II is a rank k holomorphic subbundle of C" with respect to Oy — A.
Moreover, if (1) or (2) holds, then there exist maps &1, ...,&, : S — C™ of
pole type so that

(a) &1(p), ..., &(p) span Im(xw(p)) for all p € S? except at finitely many
points,

(b) each & is a solution of Ogn — An =0,

(c) every meromorphic section n of Il is of the form 2521 fi&; for some
fla" '7fk € R(SQ)

As a consequence of the discussion above, we have

Corollary 7.5. Let ¢ be an extended Ward soliton with A = (Mg — 1y, )1
and B = (M), — )Y ~Y, and (p,q,7) the coordinate system on R*! defined
by (7.3). Let m : R>! — Gr(k,C") be a smooth map that extends to S? x R.
Then the following statements are equivalent:

(1) 7 is a solution of (7.2).
(2) For each fixed r, the subbundle I1(r) associated to w(-,-,r) is a holo-

morphic subbundle of C" in the complex structure Og — A and

satisfies T(0y + #(A —zZB))m = 0. .
(3) There exist maps &1,...,& : S2 x R — C" satisfying the following
conditions:
(a) {&(y7), ..., &k(-, )} is @ meromorphic frame of I1(r),
(b) 0x&; + #(A — ZB)¢; is a section of II of pole type for all 1 <
J<k.

8. CONSTRUCTION OF ALL WARD SOLITONS

The goal of this section is to show that all Ward solitons can be con-
structed by the methods given in sections 3, 5 and 6 (using algebraic BTs,
limiting method, and generalized algebraic BTs). By Proposition 6.7, it
suffices to show that for any given z € C, and k£ € N, we can construct all
extended Ward solitons of pole data (z, k).

First we prove
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Theorem 8.1. If ¢ is an extended solution of the Ward equation and
Ok = Gamp, - Gz,m 5 the minimal factorization, then the tails of ¢y, ¢1 =
9o, Gom, L=1,--- k=1, are also extended solutions.

Proof. We prove the theorem by induction on [. Since ¢ is an extended
solution,
{Ak = (s — 0udi) 6, 5.1)
Bk = (Aav¢k - 8:v¢k)¢];17 .
are independent of A\. We want to prove g, r, is an extended solution. Com-
pute the Laurent series expansion of ¢ at A = z to get

_ A\
Z—Zz Z—Zz

=1 P+ P

Pp =T+ P+ +<)\_z> o

where

P; = Z Wiﬂé (8.2)

k>i1>-->1;>1

Compute the Laurent series expansion of both sides of

N0y — Oupr = Ary (8.3)
at A = z, and compare the coefficients of (A — z) 7 to see
(20 — Ou) Py = Ag Py, (8.4)

where P, = 7j- -+ - . Multiply 7 from right to both sides of (8.4) to see
iy (20, — Q)i )m = 0.
But 77 = 0 implies
L.(ni)m + 7 L (m) = 0,

where L, = 20, — 0,. So we have

it mpLy(m) = 0. (8.5)
By assumption, ¢, = g.x, *-* gz, is a minimal factorization, i.e., Imm; N
Imwj-{l = 0. So by Lemma 4.8,

Ker(mit - - 7f) = Immry.

Hence equation (8.5) implies that

Im(L,(m)) C Imm;.

So
7T1l (20,71 — Oymy) = 0.

Use the second equation of (8.1) and similar argument to prove that
7t (20ym1 — Oymy) = 0.

The above two equalities imply that ¢1 = g. r, is an extended solution of
Ward equation.
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Assume that ¢; is an extended solution, and let

Al = ()\83;@ — 8u¢l)¢l_17 Bl = ()\3U<251 - ax¢k>¢;1

We want to show that ¢;; is an extended solution too. Write ¢ = ¢,
where Vx| = go.m, *** Gzimy, - Substitute ¢p, = Y1y to (8.3) to get

(AOxtk—1 — Outr—1)P1 + Yi—1(NOx Py — Out) = Artop—161-
Multiply qﬁ;l from the right to both sides and use AJ,¢; — Oy = A;¢; to
get
(ANOyth—1 — OuPr—1) + V-1 Al = Apthg—1.
Compute the Laurent series expansion of both sides at A = z, and compare
the coefficients of (A — 2)~* =1 to get

(20, — 8u)(7r,i‘ . 'ﬂ'f_]_l) +7rf€‘ . -‘7TlJ_',’_1Al = Akﬂ'é‘ . -7Tf_‘~_1.

Multiply m41 from right to both sides to get

1 1
T - T (20pm41 — Oumigr — Aymyq) = 0.

By Lemma 4.8, we have
Im(20,m41 — Oumigr — Aymig) C Ker(mp -+ i) = Immg.
Thus we have
Wﬁ1(zaﬂz+1 — Oumiy1 — Aymgq) = 0.

Likewise, from By, we can obtain
1

The above two equalities imply that 711 is a solution of the analytic BT
(7.2) with (A, B) = (A, B), hence ¢;41 = g2, , ¢ is an extended solution.
Thus we complete the proof by induction. O

Theorem 8.1 tells us that any extended solution of pole data (z,k) is
obtained by solving the analytic BT (7.2) of an extended 1-soliton, then of
an extended 2-soliton, ... etc.

The following two Lemmas prove that to solve the analytic BT (7.2),
which is a system of non-linear equations, it suffices to solve certain first
order linear system.

Lemma 8.2. Let i be an extended solution of the Ward equation, and
A= My — Y)Y, and B = (M, — )¢~ L. If 7 is a local solution
of (7.2), then there exists a local MY, (C)-valued smooth map V so that
columns of V spans Imm and V satisfies

T = u_A =Y,
{zv Vi, — AV =0 56)

2V, =V, =BV =0.

Conversely, if V is a solution of (8.6), then the projection m = V(V*V)~1v*
is a solution of (7.2).
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Proof. Choose a local M?_  (C)-valued smooth map V such that columns
of V span Imm. So 7 = V(V*V)~1V*. Substitute this into (7.2) to see

1t (2Vy =V, — AV)(V*V)7IV* =0,
7t 2V, =V, — BV)(V*V)" v+ = 0.
Multiply V from the right to see

a2V, =V, — AV) =0,
7 (2V, — V, — BV) =0,

This implies that Im(zV, —V,, — AV) and Im(zV,, — V,, — BV) lie in Imm. So

2V, — Vi, — AV = Vh,
2V, — V, — BV = Vk,

(8.7)

(8.8)

for some r X r matrix-valued maps h, k. R
Claim that there exists a smooth GL(r, C)-valued map ¢ so that V =V ¢
satisfies (8.6). To see this, let

L1 =20, — 0y, Lo=20,—0,.

Since L1, Lo are constant coefficient linear operators, they commute. A
direct computation shows that V¢ satisfies (8.6) if and only if ¢ satisfies

{Ll‘z’ = ~hd, (8.9)
Ly¢ = —ko.
Equation (8.9) is solvable if and only if h, k satisfy
—Lo(h) + hk = —Ly1(k) + kh. (8.10)
This condition for h, k comes from equating Ly Lo¢ = LoL1¢.
Write (8.8) in terms of Ly, Ly to get
{Ll(V) = AV + Vh,
Ly(V)= BV + Vk.
Since L1, Ly commute, we have
LoLy(V) = La(A)V + ALy (V) + La(V)h + V Lo (h)
= (L2(A) + AB)V + AVk + (BV + Vk)h + V La(h)
= L1Ly(V) = L1(B)V + BL1(V) + L1(V)k + V L1 (k)
= (L1(B)+ BA)V + BVh+ (AV + Vh)k + V Ly (k).
Hence
(La(A) — La(B) + [A, BV = V(La(k) — Lo(h) + [0, K]).  (8.11)
Since 1 is an extended Ward map, A, B satisfies (1.4), which implies that
Lo(A) — Li(B)+ [A,B] = 0. (8.12)

By (8.11) and (8.12), h, k satisfy (8.10). Thus we can find local smooth
solution ¢ for (8.9) and V = V¢ solves (8.6).
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The converse is clearly true. [l

It is easy to see that solutions of (8.6) are unique up to V'— V H, where
H is a map from R?! to GL(r,C) satisfying

2H, — Hy =0,
2H, — H, =0,

i.e. H depends on w = x + zu + 2z~ 'v only.

If we can construct local fundamental solutions to the linear system (8.6),
then we can obtain all local extended solutions of the form g, r1. But in
order to construct global Ward maps satisfying the boundary condition (1.8),
we need to construct fundamental solutions that are of pole type on each
w-plane.

If ¢ is an extended Ward soliton, holomorphic and non-degenerate at
A = z, then 9(z) itself is a fundamental solution to (8.6). So we have:

Proposition 8.3. Let ¢ be an extended Ward soliton, and A = (A, —
P )Yt and B = (M), — )t If Y(x,u, v, \) is holomorphic and non-
degenerate at A = z, then ¥(---,z) is a fundamental solution of (8.6).
Consequently, the columns of (- ,z) form a holomorphic frame of the
trivial C™-bundle over S? with respect to the complex structure Og — fo on

z
each w-plane.

Proof. Since the extended solution ¢ is holomorphic and non-degenerate at
A =z, (1.4) implies that

25 (2) — Yu(z) — A(z) =0,

20y (2) — Yyu(z) — Byp(z) = 0.

Hence the columns of ¢ (--- ,z) are smooth solutions of (8.6). So on each
w-plane, columns of ¥(z) form a holomorphic frame of the trivial C"-bundle
over 52 with respect to the complex structure g — zilz' [l

The above Proposition implies that Theorem 3.1 gives all extended solu-
tions of the form g, v when v is holomorphic and non-degenerate at A = z.

If ¥ is an extended Ward soliton and has a pole at A = z, then we will
show below that the limiting method used in section 5 gives fundamental
solutions of (8.6) that are of pole type on each w-plane.

We need two lemmas first, and their proofs are straight forward.

Lemma 8.4. Let b., n. and 1p. be maps from R*>! x Q to gl(n,C), where
Q is an open subset of 0 in C. Suppose b = Zj’;o cj€l, e = Z?:o Pje7,
and ne = Pe(be). If e(be) is smooth at € =0, i.e., > Pjc; =0 for all
m > 0, then

(1) n:=limeon. = Z?:o Pjc;,

) {znz ~ = lmeo(z + s — (10

Jj—i=m

ZMy — Nz = lime—>0(2 + 6)(776)’[) - (775)11
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Lemma 8.5. Let we = 2+ (2+€)u+(2+¢€) v, and b = Z?;O a;;(we) for

i1 =1,2. Let ¢ be an extended Ward map, and f1, fo meromorphic functions
from C to C. If lime_o ¢(z + €)(bie) = n; exists for i = 1,2, then
113% (2 + €)(fr(we)bre + fa(we)bae) = fim + fane.

Proof. The Lemma follows from

Pz + €)(f1(we)bie + fa(we)bae) = fr(we)d(z + €)(bie) + fa(we)p(2 + €)(bae)
— fi(w)m + fa(w)ne as € — 0.
O

Theorem 8.6. Let ¢y be an extended Ward soliton with pole data (z,k),
and
A= (Ndr)z — (D)) dr 'y Be = (Mdk)o — (dk)z) by
Then
(1) ¢r can be constructed using algebraic BT and the limiting method
given in section 5,
(2) we can use algebraic BT and the limiting method to construct a fun-
damental solution n of (8.6) with A = Ay, B = By, and the entries
of n are rational functions in x,y and t.

Proof. We prove the Theorem by induction on k. For k =1, (1) is obvious.
For (2), we first choose C"-valued rational maps by, 11,...,b, such that
71 (bnyt1)s - - - T (bn) span Imzi-, where ny = rk(m;). Let

Uje = Gz;my (2 + €)(€bj(we)).

When |e| > 0 is small, g, », is holomorphic and non-degenerate at A = z +e.
Hence by Proposition 8.3, we have

(z + €)(uje)a — (Uje)u — Aruje =0,
(2 + €)(uje)v — (Wje)o — Bruje = 0.
A direct computation implies that
uj = limuje = (2 — 2)mi (bj(w)).

As € — 0, Lemma 8.4 implies that u; satisfies

2(uj)a — (Uj)u — Aru; =0,
2(uj)o — (U)e — Biu; = 0,

for niy +1 < j <n. So uUp,+1,-..,u, are rational maps in z,y,t and are
linearly independent solutions of (8.6) with A = A; and B = Bj.

We claim that by choosing a sequence of rational functions carefully, we
can construct the rest linearly independent solutions of (8.6). Let ai, ..., an,
be C™-valued rational maps that span Imm; except at finitely many points.
Use formulas in section 5 to get

goam (2 + €)(a; (w0) = (1+ 2 a5 (w) + (u — = 0)aj(w)e + O(e?))
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So
nj = 1 ge oy (2 + €)(a (we)) = aj(w) + (2 — 2)(u — Z7 %) (af(w))

is rational in x,y and t. By Proposition 8.3 and Lemma 8.4, 7; is a solution
of (8.6) with A = A; and B = By. Because u, with n1 + 1 < a < n span
Im7i and 71(m1), ..., 1 (ny ) span Immy, {01, ..., Py, Uny a1, - - - Un } form a
fundamental solution of (8.6). We have proved that the entries of 7; and u;
are rational in z,y and t. This proves the claim and the Theorem for £ = 1.

Suppose the Theorem is true for k. We want to prove that (1) holds for
k 4+ 1. We may assume that

st—i-l = Gz,mpy1 " " 9zm
is the minimal factorization. Let n; = rk(m;). By Theorem 8.1, ¢, =
Gzm, gz m 15 also an extended solution and is a minimal factorization.
By induction hypothesis, we can construct a fundamental solution 7 =
(m,...,np) rational in x,y,t for (8.6) with A = Ay and B = By. Since
¢r and g r, ., ¢k are extended solutions, by Proposition 7.1, w11 is a so-
lution of (7.2). By Proposition 7.4, there exist maps {1,...,&,,,, of pole
type that span Immg; and satisfy (8.6) with A = Ay and B = By. But
n is a fundamental solution of (8.6) over the field R(S?). So there exists a
rational map h = (h;;) from C to M%Xnk+1(((:) such that & = >0 | hyjn
for 1 < j < ngy1. By induction hypothesis, each 7; is constructed by the
limiting method. It follows from Lemma 8.5 that §; can be constructed by
the limiting method. This proves (1) for k + 1.
To prove (2), let g = g. x,,,. Note that ¢r1 = g¢p implies

L(9)g™ " + gLx(¢x)0y g = Appa,
where Ly(£) = A, — &, But Ly(¢r)¢; " = Ax. So we have
Lx(g) + gAr = Api1g.
Equate the residue of the above equation at A = z to get
LZ(WkL-s—l) + chL-i-lAk = Ak+17TkL+1- (8.13)
We have L,(n) = Agn. Set W = 7r,§+177, where 1 is a fundamental solution

of (8.6) for ¢p. We want to show that W satisfies (8.6) with A = A1 and
B = By1. To see this, we compute

LW = AppaW = LZ(WkLHW) - Ak+1771i+177
= Lo (mi )N + T La(n) — Apgamian
= (LZ(ﬂlJc_-i-l) + 7TkL+1Ak - Ak+17TkL+1)777
which is zero by (8.13). Similar argument implies that z2W, —W,— B W =
0. This proves the claim. We may assume that the columns (1, ..., (rn,.,,
of W are linearly independent. So these columns are linearly independent

solutions of (8.6) with A = Ap41 and B = Bj41. Since w41 is constructed
by limiting method, so are the (;’s. It remains to construct njy; other
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linearly independent solutions of (8.6). We have proved (1) for k+ 1. So

there exist
k
'L
E €'aji(we)

=0
with rational maps aj; from C to C" so that

¢k(z+€)( ) = 5)"’63/]"1'0( )
and &1, ..., &, , span Immy 1. The limit of

Drr(z+ €)(bj) = 1+ 7Tk+1)(fy + ey + O(e?))

as e — 0is
nj =&+ (2= Dmigayy), 1<) < g
By Lemma 8.4, these 7);’s are solutions of (8.6). So

m, .- ,77nk+17417 o 7<n—nk+1

form a fundamental solution of (8.6) with A = Ag41 and B = Byy1. The
above arguments also prove that all entries of ; and (; are rational in x,y
and t. This completes the proof of the Theorem. O

As a consequence of Proposition 6.7 and Theorem 8.6, we have

Corollary 8.7. All Ward solitons can be constructed by algebraic Béacklund
transformations, the limiting method and generalized Bdcklund transforma-
tions in sections 3, 5 and 6. Moreover, the entries of Ward solitons are
rational functions in x,y and t.

9. AN EXPLICIT CONSTRUCTION OF UNITONS

We have proved in the last section that all Ward solitons of pole type
(i,k) can be constructed by the limiting method of section 5. Since U(n)-
unitons are stationary Ward solitons with pole type (i, k) for some k < n,
we can use our method to construct unitons. In this section, we write down
the conditions on the sequence of rational maps so that the limiting Ward
solitons are independent of t. We then give explicit formulas for unitons
arising from finite sequence of C"-valued rational maps. We note that Wood
[15] and Burstall-Guest [4] also gave algorithms to construct unitons. Our
construction is somewhat different from theirs.

It is proved by Uhlenbeck that every k-uniton has a unique extended
solution of the form ¢ = g; r, - - - gi,x, With the property that the span of

{mimiy - -m(w) |w e S?}

is C" for each 1 < i < k. Moreover, rkm; > rkmg > --+ > rkm,. We will
prove later that minimal factorizations and explicit constructions also give
the same condition on the ranks of projections. But the condition we have
on the /s is Im7rl+1ﬂlm7r =0forall 1 <i<k-—1.
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We use the same notation as in section 5, and assume that the pole z = i.
Let ag, a1, ... be a sequence of C™-valued meromorphic functions on S2,

we=x+(i+u+t(i+e) v, w=ax+iy,
bje = ao(we) + ear(we) +-- - + Ejaj(we),
=cy+cie+---+ cjej + O(6j+1)’

where ¢;’s are defined by (5.3) with z = 4. So

co = ap(w),

o = tah(w)+ar(w)
2

g = §a8(w) + ivag(w) + tay (w) + az(w),
t3 " " / t2 " /

3 = 3% (w) + ivtag(w) — vag(w) + 5 (w) + ivay (w)
+tah(w) + az(w),
4 . "

e = Lalw) + Loraf(w) - 0 (w2 4 201) — ivau)

t3 " " / t2 /" /

—i-?al (w) + ivta) (w) — vay (w) + 5a2(w) + ivay(w)

We want to write down the conditions that the limiting Ward soliton is
independent of ¢. Suppose

¢k = Gim, Yim_1 ° " Gi,m

is a minimal factorization and is an extended Ward k-soliton obtained by
the limiting method of section 5. Let V; = Imm;, and

— L “ e 1
P]z = E ﬂ-ki 7Tk1,
J>ki>->k1>1
szo = I'

Use the computation of section 5 to conclude that:

(1) If rkmg = 1, then ¢9 is independent of ¢ if and only if
agp, a6 e W,
vy = ag + 2iny (ay).

(2) If rkmrs = 1, then ¢3 is independent of ¢ if and only if

v3 = Vg + 22'775‘(61 + 2i7rf‘(02))
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is independent of t. So the coefficients of ¢,t> must be zero, which

gives
miwt(af) =0,
Ty (af + 2ini (Laf + a})) = 0.

Since ¢y is the minimal factorization, by Proposition 4.8 (2), the first
equation implies that aj € Vi. We have qj € V. So the condition
for ¢3 to be independent of ¢ is

!/ 14
{a07a07a0 € ‘/17

9.1
ap + 2imi(a1), af + 2iri(a)) € Va, (1)

and

v3 = ag + 2i(7 + 3 )(a1) + (20) 2771 (ag).

(3) If rkmy = 1, then ¢4 is independent of ¢ if and only if all coefficients
of t,t2,t3 in
vy = vg + 2img (c1) + (20)(m3 i + m3my)(e2) + (20)37m3 ma W (c3)
are zero. So we get
ag, CL6, a’g) (18, € ‘/17
al) + 2ir (@) € v, 0<i<2  (9.2)

al’ + 2i(nt + 75) (@) + (20)2 i ri(0l?) e V5, i=0,1

and
vg = ag + (2i) P31 (a1) + (24)* Ps2(az) + (2i)° Ps3(as). (9.3)
(4) By induction, if rkmry = 1, then ¢y is independent of ¢ if and only if
ag, . - . ,a(()k_l) e Vi,

V2, D(l)’Ug, ce ,D(k_Q)UQ € Vo,

vp_1, DMy € Vi_y,

where
' -1 ' )
DWvg =" (20 Ppy j(al),
j=0
and oV = j;ai. Thus
k—1 ‘
ve =Y _(20) Py_yj(ay).
j=0

The computation for the case when rkm, > 2 is similar. In fact, we get
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Theorem 9.1. Suppose ¢y, is an extended uniton and ¢ = Gixy - Gix, 15
a minimal factorization. Let m; = rkm;, and

D S
m>i > >i;>1

for 1 < m < k. Then there exists a partition (ri,...,rs) of my, (i.e.,
rj >0 and Z;:1 rj = my) and C"-valued rational maps a;p, ..., a; ;-1 for
1 < i< s such that

(1) a%) € Immy for all0 < j; <1 +k—2,

(2) D(ji)vipelmﬂ'p forall0<j, <ri+k—p—-1andl1 <p<k-1,

(3) {vik,D(l)vik, ., D=y, |1 <i < s} spans Immy, and DUy, &

Imﬂ'k,
where
m—1 . m—1 ' '
Vim = (2i)]Pm—l,j(ai,j)7 D(Z)vim = Z (2i)JPm—1:jaz(,j)'
j=0 j=0

Let ¢, = girx, - - 9ix, be a minimal factorization and an extended uniton.
(ma,...,my) is called the rank data of ¢y, where m; = rk(m;). By Proposi-
tion 4.8, m1 > - -+ > myg. We will prove below that m; are strictly decreasing.
To do this, we first note that we may assume V77 = Imm; N C™ = 0, where
C" means constant maps from S? to C*. If not, then Gim = %giﬂ'lgiﬂ??
where 7 and 79 are projections onto Vﬁ N Imm; and Vp; respectively. Since
To is a constant projection, the harmonic maps corresponding to ¢ and to
Gixy, " Gim i, are only differed by the left multiplication of a constant
element in U(n). So we may assume that Vj; = 0.

Proposition 9.2. Under the same assumption as in Theorem 9.1, if ImmN
C* =0, thenmy > -+ > my.

Proof. 1t follows from Proposition 4.8 that m; > mg > --- > my. We prove
the Proposition by induction on k. For k = 2, if the Proposition is not true,
then m; = mg. By Theorem 9.1, there exists a partition (r1,...,rs) of mg
and C"-valued rational maps a;,a;1 for 1 <1i < s so that

(i) ag’jé) € Imm; for 0 < j; < ry,
(ii) {DU)v; 5|1 <i<s, 0<j; <r;— 1} spans Immy a.e., where
via = aig + 2imt (ai1), DWDvgs = aff) +2int (aff)),

(iti) DU)v; 5 ¢ Tmrs.
The definition of minimal factorization implies Im7{- N Immy = 0. So the
rank of {agfé) |1 <i<s,0<j; <r;—1}is mg, which is equal to m; = rkmy.
But D(Tfl)vig € Immy implies that a%) € Imm;. It follows from a direct
computation that 9,V = hV for some meromorphic function h, where

V:alyo/\.../\aﬁé*l)/\.../\asyo/\.”/\agg*l).
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Define
f(w) = exp(~ / h(w)dw)

locally. Then 9,,(fV) = 0. But fV is meromorphic. Hence fV is locally

constant, which implies that m; is a constant Hermitian projection. Thus

Imm; C C”. In particular, Immy N C™ #£ 0, a contradiction. So m1 > meo.
Suppose the Proposition is true for k, and

Okt1 = Gimpyr " Yiim
satisfies the assumption of the Proposition. It follows from Theorem 8.1
that
¢k = Yim, " 9i,m

is also an extended uniton. It is easy to check that ¢ also satisfies the
conditions of the Proposition. So by the induction hypothesis, m; > --- >
my. We already have my > mygy1 by Proposition 4.8. We will show that
myp = mpy1 gives a contradiction next. By Theorem 9.1, there exist a
partition (r1,...,rs) of myy; and a;;’s so that {D(ji)vi’k_i_l |1 <i<s,0<
ji <r; — 1} form a basis of Immg, 1. Use

iR
Py j = Py—1,j + T Pr—1,j1

to see that D(e)vi’k+1 = D(Z)vi,k + &i ke for some & ¢ in Im7rkL. Since

Immi1 N Immi‘ =0,
{Dvip|1<i<s,0< b <ri—1)

has rank mg41, which is equal to mg. But D(”_l)vi’kﬂ € Immyy implies
that D(”)UZ-JC € Immg. Induction hypothesis says that this can not happen,
a contradiction. [l

We give some examples to demonstrate how to write down unitons from
rational maps.

Example 9.3. An extended 4-uniton ¢4 = gir, - - gir, in U(5) with rank
data (4,3,2,1) is given by C®-valued rational maps ag, a1, az, az such that

(1) Imm is spanned by ag, ... ,a(()g),

2) Imms is spanned b a(j) + 2imi a(j) with 0 < j <2,

(2) Y ag 1 J

(3) Imms is spanned by aéj) + 2iP21(a§J)) + (21’)2P22(a§])) with j = 0,1,
(4) Immy is spanned by v4 defined by (9.3).

Note that ag should be chosen so that ag, af, - - - ,a,gl) are linearly indepen-
dent a.e., otherwise 7y is constant and contradicts Imm; N C™ = 0.

Example 9.4. A 3-uniton ¢3 = g; ;i ix in U(5) with rank data (4,2, 1)
is given by C®-valued rational maps ag, by, a1, as

(1) Imm is spanned by ag, ag, aj, bo,

(2) Immy is spanned by ag + 2i7i (a1), af + 2ini(a}),

(3) Imms is spanned by Z?ZO(%VPQJ-(@J-).
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Example 9.5. 3-unitons in U(6) with rank data (5,3,1).

Case 1. Choose CO-valued rational maps ag, a1, as, by, by on C such that
(1) agp,ag,ag, bo, by are linearly independent a.e., and their span inter-
sects the space C™ of constant maps from C to C" only at 0,
(2) w2 = ag + 2ini-(a1), DWvy = al) + 2ini-(a}), va = by + 2imi-(by) are
linearly independent a.e.,
(3) vg = ap + 2iP2 (a1) + (2i)2Paa(az) is not zero a.e..
Let 71, g, and 73 be the projections of C® onto the span of ag, ay, afj, bo, bj,
the span of v, D(l)vg,@Q, and Cuvs respectively. Then ¢3 = g; ;im0 Gimy 18
an extended solution of a 3-uniton.
Case 2. Choose CS-valued rational maps ag, by, a1, as on C such that
(1) Imm is spanned by ag, ag, ag, ay’, bo,
(2) Immy is spanned by ag + 2i7i (a1), afy + 2ini(a}), af + 2i7rf(a’1’),
(3) Imms is spanned by fovs + fiDMus, where vy = 2520(21')9P2j(aj),
DWyz = Z?ZO(2i)jP2j(a;), and fo, fi : C — C are rational func-
tions.
These two cases give all 3-unitons in U(6) with rank data (5, 3,1).
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10. WAVE PROFILES OF MULTI-SOLITONS

We give the wave profiles of some k-solitons by showing the graphs of
their energy densities E(z,y,t;) suitably scaled for a sequence of increasing
times ¢;. Each Figure shows the graph of z = sFE(x,y,t;) over the domain
{(z,y)||z| < r/ly| < r}. The values of r,s are given under each Figure.
Since most poles are chosen so that the corresponding solitons are moving
from right to left, we show the profile from right to left as time increases.

A soliton whose extended solution has pole data (z1,..., 2y, n1,...,n,) is
the interaction of r-solitons interact but separate when [¢| is large. This is
very similar to the behavior of soliton equation in one space and one time
variables. But it is difficult to predict how the dynamics of solitons with
pole data (z, k) depend on the choice of k rational functions.

(a) (o)
Figure 1: 1-solitons, r = 6, s = 0.05.

Figure 1(a) and 1(b) are the profiles of 1-solitons at t = 0, whose extended
solutions are g; », and g14 r, respectively. Here 71 and 72 are the projections
of C2? onto C(1,2w)” and onto C(1,2w + w?)T respectively. Note that w
depends on the pole location of the simple element g, r, i.e. w =2+ zu +

v =x+ Z—g_ly + Z+§_1t. The travelling velocity of the corresponding
1-soliton depends on the pole z = re'? given by (2.5). The 1-soliton given in
1(a) is stationary. The 1-soliton given in 1(b) is the travelling wave in the
direction (—1,—3)7 as shown in Figure 2 below.

Figure 2: 1-soliton with a pole at 1 + ¢, r =6, s = 0.05
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Figure 3 below is the wave profiles of the 2-soliton whose extended solution
iS 91447 * Gi,m, Where m; and 7o are as in Figure 1. This represents the
interaction of the two 1-solitons given by g; r, (the small single lump in the
middle) and g1, (the travelling three lumps in the right). When ¢t < —4,
the two 1-solitons are separate, they interact when |t| < 4, and then separate
again when ¢ > 4, but a phase shift occurs.

Figure 3: 2-solitons with poles at i, + 1, r = 6,s = 0.05

Figures 4 and 5 demonstrate the limiting method by showing the wave
profiles of 2-solitons whose extended solutions are geyir. * gir,, Where m;
and 7. are projections of C? onto v; = (1,2w)? and vy = (1,2w + ew?®)”
respectively. Figure 3 is the 2-soliton with e = 1. When 0 < € < 0.5, the
profile of the 1-soliton given by ge; . has three lumps on a line with equal
distance d(€) apart. As e becomes smaller, the distance d(e) becomes bigger.
For example, d(0.1) ~ 4.5 and d(0.001) ~ 60. However, when ¢ is small, the
2-soliton given by g14;r. * gir, does not keep the profile of 1-solitons given

by gix, and getin,-
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Figure 4 (e = 0.1) is the 2-soliton with extended solution gi1+0.17,, *
Gim, where 7y is the projection onto C(1, 2w)T and 7y the projection onto
C(1,2w + 0.1w*)T. When t < —20, the three lumps behave like travelling
waves. When ¢ € [—20,20], the three lumps move to the middle to form
a single lump, then separate and move out again. When t > 20, the three
lumps travel along three straight lines and behave like travelling waves. The
smaller lump moves faster, and the two taller lumps move at the same speed
when |t| is large.

Naa
OO0

Figure 4: 2-solitons with poles at i,¢ + 0.1, r = 6,s = 0.05
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Figure 5 is the 2-soliton with extended solution go.0001+i,79.0001 *9i,x: » Where
71 and my are the projections onto C(1,2w)? and C(1,2w + 0.0001w?)”
respectively. The three lumps move to the middle to form a single lump,
then separate to three lumps and move out, but make a § turn. This is
essentially the limiting 2-soliton with a double pole at ¢ constructed using

ap = 2w, a; = w?> in section 5.

Figure 5: 2-soliton with poles at ¢,7 + 0.001, » = 6,s = 0.05
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Figure 6 is the 2-soliton constructed by the limiting method of section 5
with the double pole at 1+ i and ag = 2w, a; = w3. It is like the travelling
wave of the 2-soliton with a double pole at ¢ with the same ag, a; shown in
Figure 5.

Figure 6: 2-soliton with a double pole at 1 414, r =6,s5 = 0.1
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Figure 7 is the 3-soliton with a double pole at ¢ and a simple pole at 141
give by g14irx; * ¥, where 9 is the limiting 2-soliton with a double pole at
i with ap = w,a; = w3 constructed in section 5, and 73 is the projection

onto the linear span of (1,w?)T. At ¢t = —8, the 2-soliton given by v is the
three tall lumps in the middle, and the 1-soliton is the travelling two lumps
on the right. The interaction of the 2-soliton and 1-soliton happens between
t = =5 and t = 5. When |t| > 6, the two solitons separate as if there had
been no interactions, except that a phase shift occurs.

il
@
@
>

Figure 7: 3-soliton with a double pole at ¢ and a simple pole at 1 +1¢, r =7,s5 = 0.03
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Figure 8 is the 3-soliton with a triple pole at i constructed using ag(w) =
w,a1(w) = w3, az(w) = w® as in section 5. At t = —8, there are 6 lumps
forming a triangular shape. Most interactions occur from t = —3 to t = 3,
and the triangular shape rotates § after interaction. When [t| > 8, the three
lumps at the vertices of the triangle spread out but the three lumps at the
mid points of edges of the triangle do not spread out.

Figure 8: 3-soliton with a triple pole at ¢, r = 4,s = 0.02
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Figure 9 is the 4-soliton with extended solution go.510.75i,x, * (G1+i,75 *¥2),
where 15 is the 2-soliton with a double pole at i, ag = w, a3 = w>, con-
structed by the limiting method in section 5, m3 and 74 are the projections
onto C(1,4w?+1)T and C(1,0.5w* +1)T respectively. After interaction, the
2-soliton given by 19 (the three lumps in the middle) and the two 1-solitons
given by m3 (two lumps) and 74 (4 lumps) behave as if there had been no
interaction except a possible phase shift.

Figure 9: 4-soliton with poles ¢,%,1 4 ¢,0.5 + 0.75¢, r = 10, s = 0.04



BT AND WARD SOLITONS 47

Figure 10 is the 4-soliton whose extended solution is s * 1)1, where 11 is
the limiting extended 2-soliton with a double pole at i with ag = w, a; = w3,
and 1o is the limiting 2-soliton with a double pole at 1+ with ag = w* and
a; = w? 4+ w + 1 constructed in section 5. At ¢t = —9, the 2-soliton given by
11 is the middle three lumps, and the 2-soliton given by s is the ring with
three lumps in the middle on the right. These 2-solitons keep their shape
after interaction, but with a phase shift.

Figure 10: 4-soliton with double poles at ¢ and 1 + ¢, » = 10, s = 0.03
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Figure 11 is the 4-soliton whose extended solution is g4, * ¥3, where
13 is the extended solution of the 3-soliton with a triple pole at ¢ shown
in Figure 8 and 4 is the projection onto (1,w?)!. Note the 3-soliton and
1-soliton separate after interaction, and the 1-soliton has a phase shift.

Figure 11: 4-soliton with poles i,4,4,1 4+, r = 9,5 = 0.05
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Figure 12 is the 4-soliton with an order 4 pole at i, ag = w, a; = w°,

a3 = w?, and ay = w?, constructed by the limiting method of section 5.
There are five smaller lumps in the outer ring, five tall lumps in the middle
ring, and a well with three lumps in the center ring. After the interaction,
the lumps in the two outer ring rotate ¥ and the three lumps in the center
ring rotate 3.

) &O&
&
& e

® ¢

Figure 12: 4-solitons with a quadruple pole at ¢, r =4, s = 0.005



50

BO DAI* AND CHUU-LIAN TERNGT

The quick time movies of the wave motions given in this section can be
seen on http://www.math.neu.edu/~terng/WardSolitonMovies.html.
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